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Abstract
In this note we prove the non-existence of two types of partial difference sets
in Abelian groups of order 216. This finalizes the classification of parameters for
which a partial difference set of size at most 100 exists in an Abelian group.
Keywords— Partial difference set
1 Introduction
Let G be a finite Abelian group of order v. Then D is a (v, k, λ, µ)-partial difference
set (PDS) in G if D is a k-subset of G with the property that the expressions gh−1,
g, h ∈ D, represent each non-identity element in D exactly λ times, and each non-
identity element of G not in D exactly µ times. Further assume that D(−1) = D
(where D(s) = {gs : g ∈ D} ) and e /∈ D, where e is the identity of G, then D is
called a regular partial difference set. A regular PDS is called trivial if D ∪ {e} or
G \ {D} is a subgroup of G.
In [5] Ma presented a table of parameters for which the existence of a regular PDS
with k ≤ 100 in an Abelian group was known or could not be excluded. In particular
the list contained 32 cases where (non)-existence was not known. In [7] Ma excluded
the existence of a PDS in 13 of these 32 cases. In [3] and [4] existence was proved in
one of the remaining cases, and recently De Winter, Kamischke and Wang [1] proved
nonexistence for all but two of the remaining cases. These remaining cases were the
possible existence of a (216, 40, 4, 8)-PDS and a (216, 43, 10, 8)-PDS in an Abelian
group of order 216. In this note we will prove nonexistence of such PDS, hence
finalizing the classification of parameters for which a PDS with k ≤ 100 exists in
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an Abelian group. The proof uses ideas developed in [1], but requires an additional
argument based on weighing points and lines in a projective plane.
2 Preliminaries
The following three results will be used in our proof. The first two are due to Ma
[5, 6], the third is a recent local multiplier theorem from [1].
Proposition 2.1 No non-trivial PDS exists in
• an Abelian group G with a cyclic Sylow-p-subgroup and o(G) 6= p;
• an Abelian group G with a Sylow-p-subgroup isomorphic to Zps × Zpt where
s 6= t.
Proposition 2.2 Let D be a nontrivial regular (v, k, λ, µ)-PDS in an Abelian
group G. Suppose ∆ = (λ − µ)2 + 4(k − µ) is a perfect square. If N is a sub-
group of G such that gcd(|N | , |G| / |N |) = 1 and |G| / |N | is odd, then D1 = D ∩N
is a (not necessarily non-trivial) regular (v1, k1, λ1, µ1)-PDS with
|D1| = 1
2
[
|N |+ β1 ±
√
(|N |+ β1)2 − (∆1 − β21)(|N | − 1)
]
.
Here ∆1 = pi
2 with pi = gcd(|N | ,√∆) and β1 = β − 2θpi where β = λ− µ and θ is
the integer satisfying (2θ − 1)pi ≤ β < (2θ + 1)pi.
Proposition 2.3 [LMT] Let D be a regular (v, k, λ, µ)-PDS in an Abelian group
G. Furthermore assume ∆ = (λ − µ)2 + 4(k − µ) is a perfect square. Then g ∈ G
belongs to D if and only if gs ∈ D for all s coprime with o(g), the order of g.
3 The Main Result
Theorem 3.1 There does not exist a (216, 40, 4, 8)-PDS in an Abelian group.
Proof. Assume by way of contradiction thatD is a (216, 40, 4, 8)-PDS in an Abelian
group G of order 216. By Proposition 2.1, we know that G ∼= Z32 × Z33.
Let g1, g2, . . . , g26 be all elements of order 3 in G, and let Bgi = {agi | o(a) =
1 or 2, agi ∈ D}, and Bi = |Bgi |, i = 1, 2, . . . , 26. That is, Bi equals the number of
elements in D whose fourth power equals gi.
Now observe that the LMT implies that raising elements to the fifth power
provides a bijection between Bgi and Bg2
i
. Hence |Bgi | = |Bg2
i
|.
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Let N be the Sylow-2-subgroup of G. Using Proposition 2.2 we obtain that
|N ∩D| = 0 or 4. First assume that D contains no elements of order 2. We see that
ΣiBi = 40 and ΣiBi(Bi−1) = 56, where the latter equality follows as all 7 elements
of order 2 are not in D, and thus each have exactly µ = 8 difference representations.
By relabeling the gi if necessary, we may assume that Cj := B2j−1 = B2j , for
j = 1, 2, . . . , 13, and C1 ≥ C2 ≥ · · · ≥ C13. We now obtain
ΣjCj = 20 and ΣjC
2
j = 48. (1)
It is easy to check that the system of equations (1) exactly has the following
nonnegative integer solutions, listed as 13 tuples (C1, C2, . . . , C13):
(5, 3, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), (5, 2, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1, 0),
(4, 4, 2, 2, 1, 1, 1, 1, 1, 1, 1, 1, 0), (4, 3, 3, 2, 2, 1, 1, 1, 1, 1, 1, 0, 0),
(4, 3, 2, 2, 2, 2, 2, 1, 1, 1, 0, 0, 0), (4, 2, 2, 2, 2, 2, 2, 2, 2, 0, 0, 0, 0),
(3, 3, 3, 3, 2, 2, 1, 1, 1, 1, 0, 0, 0), (3, 3, 3, 2, 2, 2, 2, 2, 1, 0, 0, 0, 0).
Secondly assume that D contains 4 elements of order 2. It follows that ΣiBi+4 =
40. By counting the number of ways elements of order 2 can be written as differences
of elements of D, we obtain that ΣiBi(Bi − 1) + 4 · 3 = 4 · 4 + 3 · 8. Using similar
labeling as above, we now obtain
ΣjCj = 18 and ΣjC
2
j = 32. (2)
It is easy to check that the system of equations (2) has the following nonnegative
integer solutions:
(3, 3, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), (3, 2, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1, 0),
(2, 2, 2, 2, 2, 2, 2, 1, 1, 1, 1, 0, 0).
Recall that N is the unique subgroup isomorphic to Z32 in G. Let P1, . . . , P13 be
the 13 subgroups of G isomorphic to Z3, and let L1, . . . , L13 be the 13 subgroups of G
isomorphic to Z23. Now consider the incidence structure P with points the subgroups
Pi ×N , i = 1, . . . , 13, of G, with blocks the subgroups Li ×N , i = 1, . . . , 13, of G,
and with containment as incidence. Then it is easily seen that P is a 2 − (13, 4, 1)
design, or equivalently, the unique projective plane of order 3. We next assign a
weight to each point of P in the following way: if point p corresponds to subgroup
Pi × N then the weight of p is 12 |((Pi × N) \ N) ∩ D|. In this way the weights of
the 13 points of P correspond to the 13 values C1, C2, . . . , C13, that is, half of the
number of elements of order 3 or 6 from D in the subgroup underlying the given
point. Without loss of generality we may assume the labeling is such that point
Pi ×N has weight Ci. The weight of a block will simply be the sum of the weights
of the points in that block.
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We next count how many elements of order 3 or 6 from D a specific subgroup
of the form Li × N can contain. Assume that |(Li × N) ∩ D| = m. Let ag and
bh be two distinct elements from D, with a2 = b2 = g3 = h3 = e. Then agh−1b−1
belongs to Li×N if and only if gh−1 ∈ Li. It is easy to see that if g ∈ Li there are
m− 1 possibilities for bh such that gh−1 ∈ Li, whereas if g /∈ Li there are |D|−m−22
possibilities for bh such that gh−1 ∈ Li.
Counting the number of differences of elements of D that are in Li ×N in two
ways, we obtain
m(m− 1) + (k −m)(k −m− 2
2
) = λm+ µ(71−m), (3)
where (k, λ, µ) = (40, 4, 8). This yields that m = 8 or 16.
Now define m′ := 12 |((Li ×N) \N) ∩D|. We obtain the following table:
Case 1: (216, 40, 4, 8)-PDS D contains 0 elements of order 2 m′ = 4 or 8
Case 2: (216, 40, 4, 8)-PDS D contains 4 elements of order 2 m′ = 2 or 6
We now note that the values m′ must be the weights of the blocks of P, and
that in both cases these weights are even. We first show that no value Ci can be
odd. Assume by way of contradiction that Ci is odd for some i. Let the weight of
the four blocks that contain Pi ×N be n1, . . . , n4 respectively. Then
13∑
j=1
Cj = Ci +
4∑
t=1
(nt − Ci),
which implies that
∑13
j=1Cj is odd, contradicting with the fact that
∑13
j=1Cj =
20 or 18.
This leaves us with only the possibility (4, 2, 2, 2, 2, 2, 2, 2, 2, 0, 0, 0, 0) for
(C1 . . . , C13) in case 1. In this case, by considering the four blocks through a point
with weight 2 it easily follows that it is not possible to distribute the thirteen given
weights in such a way that every block has weight 4 or 8. This concludes the proof.

Theorem 3.2 There does not exist a (216, 43, 10, 8)-PDS in an Abelian group.
Proof. This case is dealt with in a very similar way. We will only provide a sketch
of the proof. Assume by way of contradiction D is a (216, 43, 10, 8)-PDS in an
Abelian group G.
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As before G ∼= Z32 × Z33, and using Proposition 2.2 we obtain that D contains
either 3 or 7 elements of order 2. If D contains 3 elements of order 2 we obtain
ΣjCj = 20 and ΣjC
2
j = 48 (4)
which is the same as the system of equations in (1), and hence has the same set of
solutions.
If D contains 7 elements of order 2 we obtain
ΣjCj = 18 and ΣjC
2
j = 32 (5)
which is the same as the system of equations in (2), and thus has the same set of
solutions.
With similar notation as in the previous theorem, and using the same counting
argument for (k, λ, µ) = (43, 10, 8), one obtains m = 11 or 19, and
Case 3: (216, 43, 10, 8) D contains 3 elements of order 2 m′ = 4 or 8
Case 4: (216, 43, 10, 8) D contains 7 elements of order 2 m′ = 2 or 6
As before the weights of all blocks of P must be even, and the proof can be
finished in the same way as in the (216, 40, 4, 8)-PDS case. 
4 Conclusions
It is interesting to note that no regular PDS exists in all but one of the cases
that were originally left open in Ma’s table [5]. The exception arising from a two-
weight code in an elementary Abelian 2-group. Furthermore almost all known PDS
in Abelian groups are of only few types: (negative) Latin square type, reversible
difference sets, PCP type, Paley type, and projective two-weight sets. Also, recently
it was shown that in Abelian groups of order 4p2, p an odd prime, every non-trivial
PDS is either of PCP type or a sporadic example in an Abelian group of order
36 [2]. These observations raise the question as to whether new strong and more
general non-existence results can be proved, and whether further classifications for
PDS in Abelian groups are possible. It is important to note that the situation in
non-Abelian groups is very different, and many more examples exist in those groups.
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